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NMR OF ICE 4809 
Ca3 =1.417X106 dynes/em. In zero point motion 
2V=hlll/2 and we find for 1I1:(SI2)'1=22.3SX10-20 
cm2, (Sz2).!=6.74X10-20 cm2; and for liZ: (SI2)'2= 
20.S2X 10-20 cm2, (Sz2)'2= 23.1X 10-20 cm2. 
One must write or= 2S1 in terms of the normal modes. 
If (3 is the angle between NI and Sl, while l' is the 
angle between N z and S2, one has 
SI=N1 cos(3-Nz COS1', Sz=N1 sin,B+N2 sin1'. 
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Then «(or)2)=4(N12 cos2(3-NIN2 cos(3 cOS1'+N22 cos21')' 
Now (N1Nz) = 0, and since (NI2) cos2(3= (S12).! and 
(N22) cos21'= (SI2)'2 one has 
Sa2 is found to be 22.9X 10-20 cm2. The change in 
proton-proton vector direction, aA, is gotten from 
Sa/aA = (ro/2) cos(109°/2). Then (aA2) = 1.0X 10-a rad2. 
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Rapid Calculation of Electron Scattering Factors* 
JERRY L. PEACHERt AND JOHN G. WILLS 
Department of Physics, Indiana University, Bloomington, Indiana 
(Received 16 February 1967) 
The phase amplitude method is used to reduce the radial Schrodinger equation to two separate differential 
equations, one for the phase and one for the amplitude. These functions are both smooth as opposed to 
the rapidly oscillating solution of the radial Schrodinger equation for electron energies in the kilovolt range. 
The partial-wave phase shifts were obtained rapidly by integrating the differential equations for the phase 
and amplitude numerically. Hartree-Fock and Thomas-Fermi-Dirac fields were used in the calculation. 
Results for argon and uranium are given in order to compare with previous results. It was found that the 
WKBJ approximation to the partial-wave phase shift is a good approximation for the energies used in elec-
tron diffraction. This rapid method of computing electron-scattering factors will make routine analysis of 
electron diffraction data more rapid as well as more exact. 
I. INTRODUCTION 
ACCURATE electron-scattering factors for atoms 
~ in the kilovolt energy range are needed in order 
to analyze electron-diffraction data. Thus the molecular 
parameters obtained from analysis of electron-diffrac-
tion data depend on the accuracy of the electron-
scattering factors used in the analyses. Previous 
calculations have been attempted for these ampli-
tudes.l-5 The results were limited because of the nu-
merical difficulties involved in a solution of the scatter-
ing problem using partial-wave analysis. In some cases 
this difficulty was also coupled with the lack of a good 
description of the effective electron atom potential. 
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San Diego, La Jolla, California. The final preparation of the manu-
script was supported by the Advanced Research Projects Agency 
(Project DEFENDER) and was monitored by the U.S. Army 
Research Office-Durham under Contract DA-31-124-ARO-D-
257. 
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Good analytic expressions for the potentials are now 
available.6 ,7 The most significant problem was due to 
the time required to do one calculation. At these 
energies the wave function oscillates rapidly and thus 
the numerical solution to the problem becomes quite 
difficult. The calculation by Karle and Bonham' took 
some 40 min per partial wave on an IBM 709 and a 
large number of partial waves are needed to describe 
the scattering. Using the methods described in the 
next section, the time has been reduced substantially; 
namely, to approximately 10 sec per partial wave on 
an IBM 709. 
II. THEORY 
Assuming the electron is elastically scattered from 
an effective spherically symmetric potential, and ne-
glecting spin and exchange effects, the scattering ampli-
tude is given by8 
](8) = (2ik)-1 I:C2l+ 1) [exp(2i1]l) -1JP l (cosO), (2.1) 
1=0 
6 R. A. Bonham and T. G. Strand, ]. Chern. Phys. 39, 2200 
(1963) . 
7 T. G. Strand and R. A. Bonham, J. Chern. Phys. 40, 1686 
(1964) . 
8 T. Wu and T. Ohmura, Quantum Theory of Scattering (Pren-
tice-Hall, Inc., Englewood Cliffs, N.]., 1962). 
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where 1'/1 is the partial-wave phase shift and PI(cosO) 
is a Legendre function with 8 as the scattering angle. 
Also 
(2.2) 
where E is the incident energy of the electron and m 
is its mass. 
The method used here is essentially one used by 
Wheeler9 as an efficient method for calculating Coulomb 
wavefunctions and can be described as the phase ampli-
tude method. A related method has been described by 
Lin, Sherman, and Percus.lO One starts with the radial 
Schrodinger equation8 
where 
U(r) = (2m/Ii,2) VCr) (2.4) 
and VCr) is the effective electron atom potential. Let 
FI(r) be the "regular" solution which vanishes at r=O 
and GI(r) be the "irregular" solution. These satisfy 
the condition 
GI(dFI/dr) -FI(dGI/dr) =k. (2.5) 
Now let uI(r) =AI(r) exp[uPt(r)] and substitute this 
into the radial Schrodinger equation, Eq. (2.3). 
Equating both the real part and the imaginary part 
to zero gives 
tPAI (d4>1)2 [ 1(/+1)J 
- -AI - + k2-U(r)- -- A1=0 dr2 dr r2 (2.6) 
and 
A I (tPcf>l/dr2) +2 (dAI/dr) (dcf>z/dr) =0. (2.7) 
Equation (2.7) can be integrated once to give 
A I2(dcf>l/dr) = constant. (2.8) 
The constant can be obtained by relating A I and cf>z 
to F I and Gl. Since F I goes like a sine function as r-HX) 
and GI goes like a cosine function as r---too, one has 
FI=Al sincf>l 
and 
Gl = A I COscpl. 
(2.9) 
(2.10) 
Substituting Eqs. (2.9) and (2.10) into Eq. (2.5) gives 
A 12 (dcf>l/dr) =k. (2.11) 
Solve Eq. (2.11) for dcf>l/dr and insert into Eq. (2.6); 
letting P = kr, this gives 
tPAI __ 1 + [1- V(p) _ 1(I+1)J Al=O (2.12) 
dp2 Ala E p2 ' 
9]. A. Wheeler, Phys. Rev. 52,1123 (1937). 
10 S. Lin, N. Sherman, and ]. K. Percus, Nucl. Phys. 45, 492 
(1963) . 
where now A I is considered a function of p. Equation 
(2.11) can be reduced further by letting 
cf>l(r) =kr- (11T/2) +1'/I(r), (2.13) 
where 1'/1(0) will be the partial-wave phase shift due to 
the potential V(r). The phase shift 1'/1(r) is defined 
relative to the origin so that the wavefunction becomes 
the Bessel function solution for r---too, and cf>l---tkr-
(l1T/2) as r---too. This is done in order to integrate the 
equations inwards from infinity. Substituting Eq. (2.13) 
into Eq. (2.11) and using p=kr gives 
(2.14) 
Thus Eq. (2.12) must first be solved for Al(p) and 
then this can be used to solve for the partial-wave 
phase shift using Eq. (2.14). These are the equations 
to be solved numerically. It might appear that the 
problem of solving these equations would be more 
difficult than solving the radial Schrodinger equation 
since the linear second-order radial Schrodinger equa-
tion has been replaced by a nonlinear second-order 
equation for Al(p) plus the integral that must be 
evaluated for cf>l(p). The advantage of this approach 
lies in the fact that the amplitude function Al(p) and 
the phase function cf>l(p) are smooth functions of p 
whereas the radial solution Ul(p) is a rapidly oscillating 
function, which makes it more difficult to solve nu-
merically. In this particular problem k~100 A-I so 
that Ul(p) is oscillating quite rapidly. This rapid oscil-
lation was the principle difficulty encountered by Karle 
and Bonham.s Because of this they carried out the 
numerical calculation in double precision which partly 
accounts for their long computing time. 
III. NUMERICAL CALCULATIONS 
The solution is to be matched onto the "regular" 
and "irregular" solutions of Bessel's equation which 
must be obtained. The "regular" and "irregular" 
solutions are 
and 
fYl(p) = (1Tp/2) 1I2J /+1/2(p) 
SI(p) = (1Tp/2)1/2J_l_1/2(p) 
which obey the same recurrence relation 
( fYl+l) = 2/+1 (fYl) _ (fYt.-I), S/+1 P Sl St.-1 
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which has the same form as Eqs. (2.9) and (2.10). 





Setting <P1=P- (l1T/2) +El(p) and using the recurrence 
relation [Eq. (3.3) ] one can obtain explicit formulas 
for al and El. The first few values are 
aO= 1, Eo=O, (3.8) 
where z=l/p. Note that 
a~ 1 and Er---"70 
as they should. Also note that for l> 0, 
The al(p) and El(p) provide the asymptotic form for 
the Al(p) and 'T/l(p) in the phase-amplitude method. 
The simplest method was used to integrate Eq. 
(2.12); namely the second derivative was replaced 
by a second-order difference formula. This gives 
AI(P-~P) =2AI(p) -AI(P+~p) +(~p)2 
X {_1 __ [1- V(p) _ l(1+1)J A ( )} (3.11) 
AI(P)3 E p2 I P , 
where ~p is the interval step size. The iteration scheme 
is started by taking p large enough so that the potential 
may be neglected and the first two values of Al(p) 
needed to make an iteration are taken to be (Xl(p) 
and al(p+~p). After Al(p) is obtained, Eq. (2.14) 
IS integrated for 'T/l(p) using Simpson's rule.ll Since 
AI(p)--tOO and dAI/d~O for l>O, 
p-o p_OO 
the amplitude function Al starts out with A l= 1 for 
p = 00 and rises smoothly as p decreases towards zero. 
Thus for large p, large intervals can be taken in iterating 
Eq. (3.11) inward for AI. As Al starts to rise steeply, 
smaller interval steps must be taken to maintain nu-
merical accuracy. Also 
for 1>0. 
Il See, for instance, J. B. Scarborough, Numerical Mathematical 
Thus the integration for Al(p) may be cut off for Al(p) 
large. The value of Al used as a cutoff depends on how 
accurately the partial-wave phase shifts need to be 
known. In the case 1 = 0, 
Ao--tconstant 
p-+O 
which just means the equation for Ao must be inte-
grated all the way to p=O instead of being cut off. 
The Thomas-Fermi-Dirac (TFD) potentials for 
argon and uranium used in the calculation presented 
here were the same as those used by Karle and Bon-
ham5 in order to be able to compare the results of the 
calculation. Karle and Bonham5 did not present any 
numerical integration results using a Hartree--Fock 
(HF) potential. The TFD5 and HF' potentials used 
for argon were 
U(r) TFD= - (2Z/ar) {0.SOS2ge-2.68764r 
+0.43447 e-9.06392r +0.06071e-46_4985r} (3.12) 
and 
U (r)HF = - (2Z/ ar) {1.374e-2.0636r/ao -0.374e-32 .485r/ao 
- (r/ ao) [4.296e-4.853r/a 0+ 8.916e-I9.772r/ao J}. (3.13) 
The TFD5 potential used for uranium was 
U(r)TFD= - (2Z/ar) {0.3100e-2.9802r 
+0.S6667e-lO .564r +0. 12346e-50 •463r I , (3.14) 
where a is the relativistic Bohr radius, 
a=ao/[l- (v/c) 2]1/2, 
ao is the Bohr radius, and Z is the atomic number. 
IV. RESULTS 
The exact calculation results have been compared 
with the results from the Born phase-shift formula8 
'T/IB= -k ["drr2U(r)j8kr) , 
o 
( 4.1) 
where jl(kr) is a spherical Bessel function and with 
those from the WKB J approximation8,12 
f ro [ (l+!)2Jl/2 - dr k2- - , (l+t)/k r (4.2) 
Analysis (The Johns Hopkins Press, Baltimore, Md., 1962), 12 M. L. Goldberger and K. M. Watson, Collision Theory 
5th ed. (John~Wiley & Sons, Inc., New York, 1964). 
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• Incident electron energy is 40 keV. 
b Calculated from Eq. (4.1). 












where ro, the classical turning point, is the zero of the 
function kLU(r) -[U+!)/rJ2. The results of the cal-
culation for the partial-wave phase shifts are presented 
in Tables I and II along with the results obtained by 
Karle and Bonham.5 The partial-wave phase shifts 
calculated numerically by Karle and Bonham5 do not 
agree with the results obtained here They integrated 
the radial wavefunction until it assumed its asymptotic 
form as a sine function instead of matching onto the 
Bessel function solution. They found it necessary to 
make a linear extrapolation from one partial-wave phase 
shift to another since their integration stopped at 
r=8 A and the TJI had not quite reached its asymptotic 
limit. It was also found that their results for the WKB J 
approximation were not valid because they failed to 
integrate the region from ro to U+!)/k in Eq. (4.2) 
accurately enough. Therefore their numerically inte-
grated partial-wave phase shifts did not converge to 
the WKB J partial-wave phase shifts. The erroneous 
results of Karle and Bonham5 plus the lengthy comput-
ing time indicated a need for a better approximation. 
The results presented here show that the calculation 
can be done rapidly and that the partial-wave phase 
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FIG. 1. Comparison of Karle and Bonham's (Ref. 5) values 





HF • 7JZNumericalHF 
1.2898 1.3292 1. 2967 
0.9487 0.9611 0.9549 
0.7777 0.7859 0.7836 
0.6666 0.6735 0.6725 
0.5858 0.5921 0.5917 
0.5231 0.5290 0.5291 
0.4724 0.4780 0.4782 
0.4301 0.4354 0.4358 
0.3942 0.3993 0.3996 
0.3632 0.3680 0.3683 
0.3361 0.3408 0.3411 
• Calculated from Eq. (4.2) . 
d KB stands for Karle and Bonham (Ref. 5). 
shifts. Both of these facts indicate that a better approxi-
mation is not needed. 
It can be seen from Tables I and II that the WKB J 
partial-wave phase shifts converge to the numerically 
calculated phase shifts fairly rapidly. They converge 
at l=5 for argon for both the TFD case and the HF 
case and at l= 11 for uranium. There is only a small 
difference between the TFD and HF phases, however 
this difference will show up more strongly in the ex-
pression for the scattering amplitude f(8). The calcu-
lation required ",,10 sec per partial-wave phase shift 
on the IBM 709 and ",,1 sec per partial-wave phase 
shift on the CDC 3600. This is to be compared with 
the calculation of Karle and Bonham5 which required 
",,40 min per partial-wave phase shift on the IBM 709. 
The partial-wave phase shifts used in the sum for 
f(8) were as follows: the numerically integrated partial-
wave phase shifts were used until they converged to 
TABLE II. Partial-wave phase shifts for uranium Z =92." 
'1IBTFD b '1ZWKBJTFD • 
0 5.7234 5.2753 
1 3.9818 4.1384 
2 3.1518 3.3477 
3 2.6261 2.7907 
4 2.2514 2.3822 
5 1. 9662 2.0700 
6 1. 7399 1.8229 
7 1.5549 1. 6221 
8 1.4004 1.4554 
9 1.2694 1. 3147 
10 1.1567 1.1944 
11 1.0589 1.0905 
12 0.9733 0.9999 
13 0.8978 0.9203 
14 0.8307 0.8499 
15 0.7709 0.7872 
16 0.7173 0.7313 
• Incident electron energy is 40 keV. 
bCaiculated from Eq. (4.1). 
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the WKBJ partial-wave phase shifts; then the WKBJ r. 
partial-wave phase shifts were used until they con- ~ 
verged to the Born partial-wave phase shifts and finally ] U') .... .... 
"" 
U') 0() N 0() 0\ 0\ 0 ~ "" 'Cl 'Cl U') .... U') 0() 0() t- U') "" Born partial-wave phase shifts were used until the .... "" 'Cl 0() ~ .... ~ "? ~ ": : ~ 0 ,....; z 0 0 0 
series for f( 0) converged. The real and imaginary parts ~ 
off(O) are given by "" 
ro r. 
Ref(O) = (2k)-1 2:(21+1) sin27JlP I (cosO) (4.3) II: 
1=-0 ] 
"" 8 U') .... .;t 0\ "" t- t- o. .;t j "" N N "" 00 'Cl .;t "" N N and 0. "? ~ N ..... ~ ~ ~ 0 ~ 0 , 
z .;t 0 0 0 0 0 0 0 0 0 
00 ~ 
'" Imf(O) = (2k)-1 2:(21+1) (1-cos27]I)Pz (cosO). ( 4.4) ~
z=-o 
Twice the Born partial-wave phase shift mB was added 
.0 
and subtracted to Ref(O) in order to make the series r. 0. 
"" 
r- t- r- .... :;!; 0() r- 0\ .;t II: N .;t 
"" 
N ~ 0\ .;t 8 N N converge faster. This gives ~ 0\ "? ~ N ~ ~ ~ 0 ~ ~ ~ .;t 0 0 0 0 0 0 0 0 0 
'" • ........ 
...: 00 
" 
co .... ~ Ref(O) = k-12: (21+ l)7]zBPI (cosO) II ~ S 1=-0 ~ ~ '" 
"" 
0 
" ~ _t< 0 
'" 
III 
+(2k)-12:(21+1)[sin27]1-27]zB]Pz (cosO). (4.5) '" .~ 0() ..... "" ~ .;t .;t N .;t ~ "" ::!: " ... ~ ..... 'Cl ~ ..... U') r- r- .;t 0: .£ .... 
"" ~ .... ~ "? ..;; ": '" '" 1=-0 ~ 0 0 0 ,....; 
" 
z 0 .... ~ '"0 ~ 
The first sum can be performed by substituting Eq. £, ~ .::4 ;.:::: 
"" 
... (4.1) for 7] IB into the sum and using8 0. .E 8 
'" '" A " bJ) r. 0: 
ro sinsr 0:: t< ~ ·c 
2:(21+1)N(kr)P1 (cosO) = -, (4.6) ~ .. .... t- t- o .;< III .... .~ 0() U') 0() 
"" 
0() ~ ::4 1=-0 sr 
'" § N "" "" N ~ 00 .;t 8 «> N u "" ~ ..;; N 0 ~ 0 0 0 '" vi 0 0 0 0 .... z .... 0 0 0 0 0 
where s=2k sin(0/2). It is just the first Born approxi- 0 ~ 
" 
~ 
mation ~ ........ ..r: t-
o. ~ l ro sinsr '"0 (4.7) 0:: ~ fB(O) = - drr2ij(r) -. 
'" 
"A f.tl 
" o sr '"0 r. t- o. 
"" 
U') 00 ..... N 'Cl t- r- 0() S t< ::I <'l 
-
U') ~ "" .... '" 
0() 00 ..... U') N 
,g ...., :.: 
"" 
0() ~ .... ~ "? ..;; ": ": Thus Ref( 0) becomes ';3 ~ 0 0 0 0 ..... 
" :'f ~ ~~ "" " "i3 
Ref(O) =JB(O) + (2k)-1 }:(21+1) ....; " H <a 
H A () 1=-0 f>;l .0 
...:l [:: 




0() ~ t- t- o "" X [sin27]1-27] IB]PI (cosO). (4.8) ...: ~ ~ «> «> ..... ~ 0() "" «> «> N E-< ~ 
"" 






'" A II 
r.. .... II') 
"" 




U') ..... 0 0 0 0 0 0 0 0 
'" B ~ > fTFOI81 J.l 









N U') U') >. T 0 '" ARGON (Z ·18) ~ ..;; 0\ "" 00 N ": 0 ..;; t- o ~ '<11 0 U') S 'Cl ,....; ...: N oci "" oci "" .... N N "" «> .;t .;t U') " 
'" " b 
u 
~ 1.00 1:: 
0 0 ~ 0 0 0 0 0 0 0 0 v O· 6' I~ 8 18" 24' '" 0 "" 
0\ N U') 0() 
-
.;t t- o ] 30" .... .... ..... N N N "" 
FIG. 2. Ratio off(8)BTFD/ I f(li) Numeri •• lI TFD. . 
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TABLE IV. Magnitude and phase of scattering amplitude for uranium Z=92.· 
0 s(1-1)" f«(})B TFDb I f(O)KB I TFD" '1 (O)KBTFD" I f(O) Numerital I TFD '1 (0) Numerica nn 
0° 0.00 15.008 12.411 0.329 12.550 0.329 
3° 5.47 4.518 3.040 1.010 3.119 0.988 
6° 10.93 1.843 1.174 1.887 1.159 1.827 
9° 16.38 0.995 0.671 2.572 0.624 2.535 
12° 21.83 0.616 0.440 3.122 0.400 3.140 
15° 27.26 0.417 0.305 3.603 0.283 3.661 
18° 32.67 0.301 0.222 4.048 0.213 4.119 
21° 38.06 0.228 0.169 4.464 0.167 4.528 
24° 43.42 0.178 0.134 4.853 0.135 4.897 
27° 48.75 0.144 0.111 5.215 0.111 5.234 
30° 54.05 0.118 0.095 5.544 0.094 5.544 
" Incident electron energy is 40 keV and s =2k sin (0/2). b Calculated from Eq. (4.7). C KB stands for Karle and Bonham (Ref. 5). 
The series was considered converged when 
I (2l+ 1) [sin27]1-27] IB] I ::; 10-6• 
The absolute value of the scattering amplitude I f(O) I 
and the phase of the scattering amplitude 7](0) are 
presented in Tables III and IV along with some results 
obtained by Karle and Bonham.5 As is well known the 
results for If(O) I and 7](0) in the forward direction 
are quite sensitive to the partial-wave phase shifts 
used in the sum. In the argon calculation the partial-
wave phase shifts obtained by using the TFD potential 
and those obtained by using the HF potential differ 
by less than 1% in the worst case (l=0). However 
this gives rise to a difference of "-'10% in I f(O) I and 
"-'13% in 7](0) for 0=0°. As one goes away from the 
forward direction the magnitude of the scattering am-
plitudes calculated from the TFD potential and the 
HF potential approach each other as is to be expected. 
It is interesting to note that the result obtained by 
Karle and Bonham5 does not differ appreciably from 
the results presented here for the TFD potential for 
If(O) I and 7](0). This is because their calculation for 
the partial-wave phase shifts tends to become worse 
as l increases due to their linear extrapolation method. 
The deviation is shown in Fig. 1. Thus their lower-
partial-wave phase shifts agree quite well with the 
partial-wave phase shifts obtained here. Also after l=21, 
they used partial-wave phase shifts obtained from the 
WKBJ approximation. Even though their numerical 
results did not converge to the WKB J results, they 
were in essence using the correct higher-l partial-wave 
phase shifts since, as was shown, the numerical results 
TABLE V. Total elastic cross section for an incident electron 








converge fairly rapidly to the WKB J results at this 
high energy, 40 keV. Since their calculation contained 
fairly good phase shifts for the lower partial waves and 
essentially the correct ones for the higher partial waves, 
it is no surprise that their results agree as well as they 
do with the results presented here. 
The ratio fB(O)/lf(O) I is plotted in Fig. 2. This 
just indicates how well the first Born approximation 
describes the process and thus what sort of correction 
the numerical calculation makes to the Born approxi-
mation. The curve for uranium shows a larger devia-
tion as expected since it has a large Z (Z = 92). These 
differences in the electron-atom scattering amplitudes 
can have a significant effect on the molecular param-
eters determined from the electron diffraction data. 
The correction to the internuclear distances in the 
molecule ranges from "'0.1 % for molecules composed 
of light atoms to "'12% for molecules composed of 
heavy and light atoms such as UF6.1,13 The correction 
to the mean-square amplitudes of vibration of the mol-
ecule ranges from ",15% to ",30% even for molecules 
composed of light atoms.I3 The experimental error in 
determining the internuclear distances and the mean-
square amplitudes of vibration are of the order of 
"'0.1 % and ",10%, respectively. The largest corrections 
to the molecular parameters occur when the param-
eters involve different atoms (for instance atoms i andj) 
since the COS[7]i(O) -7]j(O)] term in the molecular scat-
tering amplitude will then contribute. 
The results for the total elastic cross section were 
obtained by using the optical theoremS 
O"total= (411/k) Imf(O) 
and these are presented in Table V. 
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